ABSTRACT. Let S = K[x 1 , . . . , x n ] denote the polynomial ring in n variables over a field K with each deg x i = 1 and I ⊂ S a homogeneous ideal of S with dim S/I = d. The Hilbert series of S/I is of the form h S/I (λ )/(1 − λ ) d , where h S/I (λ ) = h 0 + h 1 λ + h 2 λ 2 + · · · + h s λ s with h s = 0 is the h-polynomial of S/I. It is known that, when S/I is Cohen-Macaulay, one has reg(S/I) = deg h S/I (λ ), where reg(S/I) is the (Castelnuovo-Mumford) regularity of S/I. In the present paper, given arbitrary integers r and s with r ≥ 1 and s ≥ 1, a monomial ideal I of S = K[x 1 , . . . , x n ] with n ≫ 0 for which reg(S/I) = r and deg h S/I (λ ) = s will be constructed. Furthermore, we give a class of edge ideals I ⊂ S of Cameron-Walker graphs with reg(S/I) = degh S/I (λ ) for which S/I is not Cohen-Macaulay. Its converse is false. The following example was found by Jürgen Herzog.
Its converse is false. The following example was found by Jürgen Herzog. Let I ⊂ S = K[x 1 , x 2 , x 3 , x 4 ] be the monomial ideal (x 3 2 , x 2 2 x 3 , x 2 x 2 3 , x 3 3 , x 2 1 , x 1 x 2 , x 1 x 3 , x 1 x 4 ), which is strongly stable ( [7, p. 103] ). Then dim S/I = 1, depth S/I = 0, reg(S/I) = 2 and h S/I (λ ) = 1 + 3λ + 2λ 2 . At this stage, it is reasonable to discover a natural class of monomial ideals I ⊂ S = K[x 1 , . . ., x n ] for which S/I is not Cohen-Macaulay with reg(S/I) = deg h S/I (λ ).
Furthermore, one cannot escape from the temptation to present the following Conjecture 0.1. Given arbitrary integers r and s with r ≥ 1 and s ≥ 1, there exists a strongly stable ideal I of S = K[x 1 , . . . , x n ] with n ≫ 0 for which reg(S/I) = r and deg h S/I (λ ) = s. As a result, when 1 ≤ r ≤ s, a desired ideal can be found in the class of squarefree lexsegment ideals ( [1] , [7, p. 124] ). The purpose of the present paper is to give an affirmative answer to a weak version of Conjecture 0.1, that is to say, a monomial ideal I of S = K[x 1 , . . ., x n ] for which reg(S/I) = r and deg h S/I (λ ) = s will be constructed.
Theorem 0.2. Given arbitrary integers r and s with r ≥ 1 and s ≥ 1, there exists a monomial ideal I of S = K[x 1 , . . . , x n ] with n ≫ 0 for which reg(S/I) = r and deg h S/I (λ ) = s.
When r > s, a basic process in order to obtain a required ideal of Theorem 0.2 is to find a monomial ideal I = I N ⊂ S with reg(S/I) = N + 1 and deg h S/I (λ ) = 1 for an arbitrary integer N > 0. A proof of Theorem 0.2 will be achieved in Section 1.
On the other hand, in Section 2, we give a class of edge ideals I ⊂ S of Cameron-Walker graphs ( [8] ) with reg(S/I) = deg h S/I (λ ) for which S/I is not Cohen-Macaulay. . Let I ⊂ S be a monomial ideal and x i a variable of S which appears in a monomial belonging to the unique minimal system of monomial generators of I. Then reg(I) ≤ max{ reg(I : (x)) + 1, reg(I + (x)) }.
In the first step of a proof of Theorem 0.2, given integers 1 ≤ r ≤ s, we construct a monomial ideal I ⊂ S with reg(S/I) = r and h S/I (λ ) = s. As was mensioned in Introduction, a desired ideal I can be found in the class of squarefree lexsegment ideals.
Let < lex denote the lexicographic order ( [7, p. 24 
A monomial ideal I ⊂ S is called squarefree lexsegment if I is generated by squarefree monomials and if, for all squarefree monomials u ∈ I and for all squarefree monomials v ∈ S with deg u = deg v and u < lex v, one has v ∈ I.
Fix integers r and s with 1 ≤ r ≤ s and consider the squarefree lexsegment ideal
, it follows from Lemma 1.2 (1) that reg(I r,s ) = r + 1. Hence Lemma 1.1 says that reg(K[u 1 , . . ., u s+1 ]/I r,s ) = r, as desired.
(2) Let u = u 1 u 2 · · · u r . Then I r,s + (u) = (u) and I r,s : (u) = (u r+1 , . . . , u s+1 ). Thus the short exact sequence
as required. Proposition 1.4 guarantees that, when 1 ≤ r ≤ s, Conjecture 0.1 is true. Now, in the second step of a proof of Theorem 0.2, we turn to the discussion of finding a desired monomial ideal for 1 ≤ s < r.
Let n ≥ 2 and S n = K[x, y 1 , . . . , y n , z 1 , . . . , z n+1 ] the polynomial ring in 2(n + 1) variables over a field K. We then introduce the monomial ideals I n , J n , K n and L n defined as follows: i=1 (y 1 , . . ., y i )(z i ) appearing in (5) can be regarded as that with the partition (n − 2, n − 1, . . ., 2, 1)), see [4] . By using [4, Theorem 2.1], one has
Lemma 1.6. One has (1) reg(J n ) = n + 2 ;
Proof.
(1) Since xz 1 z 2 · · · z n+1 belongs to the unique minimal system of monomial generators of J n , it follows that n + 2 ≤ reg(J n ). We claim reg(J n ) ≤ n + 2. By using Lemma 1.2 (2) together with Remark 1.5 (3) and (7), one has
Furthermore, Lemma 1.2 (2) together with Remark 1.5 (4) says that reg(J n : (z n+1 )) = n + 1. Hence, reg(J n ) ≤ n + 2 follows from Lemma 1.3.
(2) Let T = K[x, y 1 , . . ., y n−1 , z 1 , . . . , z n+1 ] and consider the short exact sequence 0 → T J n : (z n+1 ) (−1)
Remark 1.5 (3) and (7) yield
Furthermore, Remark 1.5 (4) yeilds
as desired.
Lemma 1.7. One has (1) reg(K n ) = n;
Proof. Since xy 1 y 2 · · · y n−1 belongs to the unique minimal system of monomial generators of J n , one has n ≤ reg(K n ). We claim reg(K n ) ≤ n and (2) by using induction on n. Since K 2 = (xy 1 ), each of the assertion is trivial for n = 2. Let n > 2. Lemma 1.2 (2) together with Remark 1.5 (5) and (7) guarantees that
Moreover, by virtue of Lemma 1.2 (2), Remark 1.5 (6) as well as the induction hypothesis, it follows that reg(K n : (y n−1 )) = reg((z n−2 ) + K n−1 ) = reg(K n−1 ) = n − 1.
Hence, Lemma 1.3 says that reg(K n ) ≤ n. Now, consider the short exact sequence 0 → T ′ K n : (y n−1 ) (−1)
where
. It follows from Remark 1.5 (5) and (7) that
Furthermore, Remark 1.5 (6) as well as the induction hypothesis guarantees that
Hence, one has
The monomial ideal I n plays an important role in our proof of Theorem 0.2.
Proposition 1.8. One has
(1) reg(S n /I n ) = n + 1 ;
Thus, in particular, deg h S n /I n (λ ) = 1.
(1) By virtue of Lemma 1.1, it is sufficient to show that reg(I n ) = n + 2. Since xz 1 z 2 · · · z n+1 belongs to the unique minimal system of monomial generators of I n , one has n + 2 ≤ reg(I n ). We claim reg(I n ) ≤ n + 2. It follows from Lemma 1.2 (2), Remark 1.5 (1) together with Lemma 1.6 (1) that
By using Lemma 1.2 (2), Remark 1.5 (2) together with Lemma 1.7 (1), one has reg(I n : (y n )) = reg((z n−1 , z n , z n+1 ) + K n ) = reg(K n ) = n.
Hence Lemma 1.3 says that reg(I n ) ≤ n + 2, as desired.
(2) Considering the short exact sequence 0 → S n I n : (y n ) (−1)
Remark 1.5 (1) together with Lemma 1.6 (2) yields
Furthermore, Remark 1.5 (2) together with Lemma 1.7 (2) yields
It then follows that
as required.
We are now in the position to finish a proof of Theorem 0.2. 
Hence deg h S/I (λ ) = s and I is a desired monomial ideal.
EXAMPLES
The purpose of this section is to give a class of edge ideals I ⊂ S of Cameron-Walker graphs ( [8] ) with reg(S/I) = deg h S/I (λ ) for which S/I is not Cohen-Macaulay.
Let G be a finite simple graph on the vertex set [n] = {1, . . ., n} and E(G) its edge set. (A finite graph is called simple if it possesses no loop and no multiple edge.) The edge ideal I(G) of G is the monomial ideal of S = K[x 1 , . . . .x n ] generated by those quadratic monomials x i x j with {i, j} ∈ E(G): I(G) = ( x i x j : {i, j} ∈ E(G) ) ⊂ S.
In general, it is quite difficult to compute the regularity of an edge ideal. However, one can compute reg(I(G)) easily if G is a Cameron-Walker graph. The notion of CameronWalker graph was introduced by [5] . We refer the reader to [8, p. 258 ] for a classification of Cameron-Walker graphs. 
